We present a closed-form solution for the induced losses in round conductors consisting of several concentric layers. The geometry under study corresponds to 
Introduction
Tubular conductors are used in many applications at medium-high frequencies, ranging from several kHz up to tens of MHz, in order to alleviate the ac losses, caused by skin and proximity effects. Some popular applications of tubular conductors are induction furnaces or magnetic elements for broadcasting or 5 radio-frequency systems. Apart from the loss reduction, tubular conductors also possess convenient mechanical and thermal properties. Considering induction furnaces, inductors made of copper tubes can adapt to the shape of the work-piece without including bobbins or holders. Moreover, hollow tubes can be cooled by circulating a coolant element, and the operation temperature of 10 bare copper conductors is higher than the temperature limit of insulated magnet wires. These properties make copper tubular conductors potentially attractive for other closely-related applications in the mid-power range, such as wireless power transfer (WPT) systems.
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Modeling ac losses in tubular conductors has been addressed by several authors. Dwight proposed several ac loss models for tubes and other shapes mainly based on the solution of the current density in the conductor. In general, his works described approximate solutions mainly based on asymptotic tendencies at both low and high frequencies [1] [2] [3] [4] [5] . 20 Similarly, Arnold developed an approximate solution based on Dwight's results [6] . This work was mainly focused on the study of copper-clad or aluminum-clad (bimetallic) conductors. Schelkunoff studied the case of the coaxial transmission line and developed an exact formula for the internal impedance 25 of a tubular conductor in terms of modified Bessel functions [7] . Teare and Webb proposed a model of the skin effect of solid conductors consisting of several materials, in this case a bimetallic arrangement [8] . This study addressed the case of hollow conductors but an analysis of the loss induced by an external magnetic field was not provided. The diffusion of fields in concentric rods of different prop-30 erties was also studied in [9] . Clogston introduced the idea of using multi-layer structures in order to reduce the skin effect and proposed a theory for laminated planar transmission lines [10] . Other authors extended this concept to coaxial lines with the purpose of loss reduction [11] . The current density of cylindrical shells due to axial currents was obtained by solving Maxwells equations through 35 the magnetic vector potential and boundary conditions [12] . The methodology followed in this reference has been applied in the study presented in this paper.
More recently, some authors have proposed numerical solutions for the ac losses in tubular conductors mainly oriented to overcoming the convergence 40 problems of Bessel functions for large arguments [13] [14] [15] [16] [17] . Moreover, cylindrical conductors arranged with multiple concentric layers have been proposed to reduce the skin effect of litz wires [18] and the skin effect in inhomogeneous conductors has been also studied [19] . Therefore, interest in this kind of conductors is currently observed.
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Despite the substantial number of works on electromagnetic fields involving tubular conductors, it seems that there is still more to contribute in relation to multilayer round conductors, which is the main objective of this paper. This study could be also useful for predicting the losses due to the so called skin and 50 proximity effects.
The remainder of the paper is organized as follows. The conditions assumed in this analysis are presented in Section II. In Section III the impedance of a multilayer round conductor under a longitudinal alternating voltage is derived.
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Section IV is focused on obtaining fields and losses in a multilayer round conductor in a transverse varying magnetic field. Section V describes the validation of the analytic model by means of FEA simulations for different cases. Finally, Section VI summarizes the contributions of the present work. 
Conditions of the study and fundamental field equations
The analysis of power induced currents in multi-layer round conductors is carried out adopting the following assumptions. First, a single conductor is considered in order to simplify the analysis. The conductor is an infinitely-long isolated cylinder and curvature in the longitudinal direction is not considered.
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Second, the conductor consists of concentric layers of a linear, homogeneous and isotropic material. The properties of the ith layer are σ i , µ i , ε i and its external radius is r i , as shown in Fig. 1 . Third, an external harmonic (e jωt time dependence) electromagnetic field is applied and the effect of the field in the conductor and the sources of the field are decoupled. Fourth, the magneto-70 quasistatic approach (MQS) is assumed in this analysis. At the frequency range of interest of the mentioned applications (from dc to several MHz) the diffusion of the fields inside the conductor dominates the radiation, or equivalently, the displacement current in the system can be neglected compared to the induced currents in the conductor [20] . Considering the preceding assumptions, the 75 electromagnetic field of the system can be described by the following magnetic vector potential equation:
where k is the wave number and A is the magnetic vector potential. The wave number is defined as:
and ω is the angular frequency of the harmonic fields. For this geometry, it is 80 convenient to consider the Laplacian in the usual cylindrical coordinate system:
where
Taking into account that the skin and proximity effects can be derived from the zeroth and first order terms of the transversal magnetic (TM) mode of the electromagnetic field [21] , the ac losses can be completely described by the 
The vector potential in each layer is obtained by applying boundary conditions in the interface between contiguous layers. In this case the boundary 90 conditions represent the continuity of transversal electric and magnetic fields, which in terms of the vector potential is expressed as follows:
where A z,i is the vector potential in the ith layer. For layers with identical magnetic permeability, the boundary conditions impose continuity of both the vector potential and its derivative. Both skin and proximity effects in the mul-tilayer conductor can be described by means of (5) with additional constraints, as is described below.
Apart from these field equations, other fundamental electromagnetic expressions are required in order to calculate the induced currents in the conductor, which is the objective of this work. The first expression corresponds to the 100 relation between the electric field and the vector potential:
the second is the definition of the voltage in terms of the electric field:
and the third is the relation between the current density in a conductor of conductivity σ and the electric field:
3. Field solution of the skin effect
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The governing equation of the skin effect in a multilayer conductor is (5) by imposing the condition ∂ 2 ϕ A z = 0 which captures the axial symmetry of the current density [22] . Therefore:
For the ith layer the solution of this equation is [22] :
where J 0 and Y 0 are Bessel functions of the first and the second kind of order 110 zero, respectively. Moreover:
with δ i being the classical skin depth of the fields in the ith layer. For convenience, the parameter ξ i is also defined:
Substituting (11) in (6) it follows that:
and also considering the derivatives of Bessel functions [23] , the matrix M i is 115 defined as follows:
Therefore, the coefficients of two consecutive layers are connected as follows:
where R i+1,i (k i+1 , k i , r i ) has the following expression:
and parameters
i+1,i are defined in the Appendix A.
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The cases of the first and last layer coefficients of (11) require special treatment. On the one hand, considering that in the first layer the vector potential must be bounded and also considering the characteristics of Bessel functions, it follows that D 1 = 0. Therefore, recursively applying (16) , an equation connecting the coefficients of a particular layer can be found:
On the other hand, the coefficients of the last layer are related with the voltage V per unit of length applied to the conductor by using the expressions (7) and (8):
And this equation combined with (18) gives:
This equation allows the coefficient C 1 to be calculated and for the rest of the layers the coefficients can be calculated by (16) .
Next, the internal impedance of the conductor is derived. According to the relation between the magnetic vector potential and the current density, the current in the ith layer is:
The solutions of integrals with Bessel functions are [23] 
Therefore, the current in the ith layer is:
The total current in the conductor is given by:
and therefore the internal impedance per unit of length is: The real part of Z cond corresponds to the conductor resistance, whereas the 140 imaginary part corresponds to the internal inductance of the conductor.
Usually it is useful to quantify the increase of the resistance of a conductor due to the frequency of the applied voltage with respec to its dc resistance. This increase is the so called skin resistance, R skin , because it is caused by the skin effect. In order to obtain R skin the dc resistance is required:
with r 0 = 0 (27) Therefore, the skin resistance is:
4. Induced losses in multilayer cylindrical conductor under a transverse alternanting magnetic field
Field solution
The TM-mode of the electromagnetic field in the conductor includes the 150 contribution of a transverse uniform magnetic field H t , which is the origin of the induced losses [21] . The conductor and the applied field are shown in Fig.   2 . Considering (5), the condition to obtain the equation describing the induced losses is ∂ 2 ϕ A z = −A z [22] . Physically this condition arises from the fact that the total induced current in the conductor under a transverse uniform magnetic 155 field must be zero, or in other words, the induced current density presents odd parity. As a consequence, A z also exhibits odd parity with respect to the ϕ coordinate. In this case, (5) reduces to:
Inside the conductor, the solution of the preceding equation for the ith layer can be written as follows [22] :
where the odd parity of A z,i is taken into account by means of the sine function.
Moreover:
Outside the conductor, the solution of (29) is [22] :
Functions I 1 and K 1 of (30) are modified Bessel functions [23] of the first and the second kind of order one, respectively. In this case, this kind of solution 165 is convenient because these functions I 1 and K 1 can be rewritten in terms of Kelvin functions [23] , which allows the power dissipation to be calculated in the conductor.
In order to apply the boundary conditions (6), the derivative of the potential vector is required. This derivative can be obtained by using the tables given in 170 [23] .
A procedure similar to that followed in the previous section is adopted to obtain the solutions of (30) and (32). Considering two adjacent layers, and substituting (30) in (6), it follows that:
where:
In this expression I 0 and K 0 are modified Bessel functions of the first and second kind and order zero. Therefore, following the procedure of the previous section, the coefficients of two consecutive layers are connected by means of:
where parameters K S i+1,i , S
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As occurs in the previous section, the coefficient G 1 is zero taking into account the properties of Bessel functions and also considering that in the first layer the field must be bounded. Moreover, an expression relating the coefficients of the last layer, which involves the applied field H t can be obtained as follows. On the one hand, applying the boundary conditions of (6) to the nth
On the other hand, far from the conductor the field tends to be equal to the applied transverse magnetic field H t because the influence of the conductor can be neglected. Considering that the magnetic field can be obtained from the vector potential, i.e.:
Therefore, considering the expression of the vector potential outside the conductor (32) and applying the condition (ρ → ∞) and also applying the characteristics of the unit vectorsρ andφ and considering the reference ϕ = 0 shown in Fig. 2 , it follows that:
Therefore the following equation is obtained:
Coefficients 
CALCULATION OF POWER DISSIPATION
The power dissipated in the conductor is generated by the induced currents due to the transverse harmonic magnetic field H t . Part of the energy of the magnetic field is being transferred into the conductor. This power can be calculated by integrating the Joule's losses generated by the induced currents in 205 the conductor. The total Joule's losses can be calculated by adding the Joule's losses in each layer. Assuming harmonic dependency, the induced losses in the ith layer are given by:
where E i , J i are the electric field and the current density in the ith layer, and the asterisk represents the conjugated magnitude. Moreover, also considering 210 that the vector potential in each layer is given by (30), the induced losses in each layer can be calculated by solving the following integral:
where a unit of length of conductor is considered. This integral involves product terms of I 1 , K 1 Bessel functions and their corresponding conjugated values.
These integrals are not directly available in the specific mathematical handbooks 215 [23] and not have been found in other related papers. However, this referenced book includes some equivalences which can be used to solve these integrals.
These equivalences are the following:
According to these equivalences, equation (42) is rewritten as follows:
where parameter ξ i of the ith layer was defined in (13) . Coefficients F i , G i are 220 complex and therefore:
Substituting the coefficients F i , G i and the Bessel functions as they appear in (44) by the values given in (43) and (45) and operating, it results four different kinds of integrals involving product terms of ber, bei, ker, and kei functions.
These integrals and their solutions are the following:
According to the preceding results, expression (42) or (44) can be rewritten as follows:
Moreover, the total induced losses per unit of length of the conductor correspond to the sum of the losses of layers:
In many applications, the transverse magnetic field H t is generated by a coil 230 with a current amplitude I. Therefore, a proximity resistance per unit of length R prox can be defined by means of:
Strictly, the precedent loss model is only appropriate for the case of conductors in uniform magnetic fields. However, this loss model also provides accurate results in applications where the device generating the magnetic field is several 235 times bigger than the conductors.
Verification
The set of the preceding equations was translated into MATLAB scripts because it offers versatility and an easy-to-use implementation of Bessel functions. (46) to (49) Considering that [8] is also applicable to hollow tubes, skin resistance of a 255 copper tube with the mentioned geometry are presented in 3b. In this case the maximum found error was 0.021 %.
The developed expressions were also verified by means of a Finite Element Analysis (FEA) carried out with the c COMSOL Multiphysics software package.
The FEA tool was configured to obtain the vector potential under the magneto-quasistatic approach (MQS), or in other words, FEA simulations were configured on the basis of 1. In order to properly capture both skin and proximity effects, a meshing strategy consisting of mapping a certain number of mesh nodes in the cable boundaries was used. The number of nodes depends on the cable radius and in this case the distance between each pair of nodes was set to 265 50µm. Consequently, the number of elements of the mesh was independent on frequency and therefore the simulation process was simplified. The suitability of the mesh will be checked at the end of this section.
The conductor under study consisted of three layers of radii r 1 = 0.25 mm, multilayer conductor were also compared with the skin resistance of a solid copper wire of diameter 2 mm. Results for the solid wire are also shown in Fig.   4d by dashed line. As it is shown, the skin resistance for the multilayer conductor is lower than those of the solid copper wire at the considered frequency range.
A similar verification has been carried out for the proximity effect. In this 300 case the multilayer conductor is under an external alternating magnetic field of amplitude H t = 1 A/m at 50 kHz. The current densities obtained from the analytical solution and FEA are shown in Fig. 5a and Fig. 5b . The boundary condition used for FEA simulations consisted of a perpendicular magnetic field of amplitude H t = 1 A/m at 50 kHz. In order to apply this condition in the FEA 305 simulations, the cable is immersed in a surrounding medium with the properties of the air. This domain was not required in the skin effect simulations. For this reason the number of mesh elements in this case is higher than the number in the previous case, exactly 28480 elements. As in the previous case, the number of elements was also independent on frequency. Induced current densities along 310 the radial direction for ϕ = 0 are alse presented in Fig. 5c . In this case the observed maximum error was 0.27%.
In addition to this result, the calculated and simulated losses as a function of the frequency of the field of amplitude H t = 1 A/m are also shown in Fig.   5d . The observed accuracy at the considered frequency range was better than 315 0.2 %. As in the previous case the proximity losses of the multilayer conductor were also compared with the proximity losses of a solid copper wire of diameter 2 mm. Results for the solid wire are also shown in Fig. 5d by dashed line. As it is shown, the proximity losses for the multilayer conductor are lower than the losses of the solid copper wire at frequencies lower than 25 kHz. This result 320 suggests that an optimization of the conductor (number of layers, thickness and properties) could be carried out in order to minimize the losses of the windings of a specific application.
It is also worth to comment some aspects, as accuracy and computational cost of this model, with respect to the FEA tool. The same platform was used in (17) and (36) are defined as follows:
K Si+1,i = 2I 1 (κ i+1 r i ) K 1 (κ i+1 r i ) + (κ i+1 r i ) I 1 (κ i+1 r i ) K 0 (κ i+1 r i ) 
